The laminar kinetic energy (LKE) concept has been applied to the prediction of low-Reynolds number flows, characterized by separation-induced transition, in high-lift airfoil cascades for aeronautical low-pressure turbine applications. The LKE transport equation has been coupled with the low-Reynolds number formulation of the Wilcox's k À ! turbulence model. The proposed methodology has been assessed against two high-lift cascade configurations, characterized by different loading distributions and suction-side diffusion rates, and tested over a wide range of Reynolds numbers. The aft-loaded T106C cascade is studied in both high-and low-speed conditions for several expansion ratios and inlet freestream turbulence values. The front-loaded T108 cascade is analysed in high-speed, low-freestream turbulence conditions. Numerical predictions with steady inflow conditions are compared to measurements carried out by the von Kármán Institute and the University of Cambridge. Results obtained with the proposed model show its ability to predict the evolution of the separated flow region, including bubble-bursting phenomenon and the formation of open separations, in high-lift, low-Reynolds number cascade flows.
INTRODUCTION
The requirements of lighter jet engine designs, with fewer components but still with a high efficiency level, leads, for the low-pressure (LP) turbine, to a reduction of the number of blades per stage and therefore increased blade loading. LP turbine blades work with relatively low Reynolds numbers and such flow conditions may be particularly critical for the suction-side boundary layer, which is responsible for the greatest contribution to the profile loss (up to 85%). On isolated blade rows, low-Reynolds number operations are likely to produce boundarylayer separation in regions of adverse pressure gradient, and important loss enhancements are associated with these circumstances. In the multistage engine environment, the unsteady wake-induced transition plays a key role in reducing the separation effects up to a level compatible with acceptably low losses. Many studies demonstrate how high-lift [1, 2] and ultra-high-lift [3, 4] airfoils can be operated with loss control by taking advantage of wake-induced transition in LPT low-Reynolds, number flows. The study of wake-induced transition in LP turbines has thus led to improvements in performance of presentgeneration turbomachinery [5, 6] . With a reduction of the suction-side separation effects, now recognized as the basic mechanism providing increased blade *Corresponding author: Department of Energy Engineering, University of Florence, via di Santa Marta 3, 50139, Firenze, Italy. email: roberto.pacciani@unifi.it load at acceptably low loss levels, designers and researchers are now looking for other flow-control devices in order to keep supporting and enhancing the high-lift concept [7, 8] . To assess the benefits arising from the use of such devices and/or of wakeinduced transition, it is important to be able to compute separation bubbles in isolated cascades with steady inflow and hence the resulting loss levels.
Separation bubbles are commonly classified as 'short' and 'long' [9, 10] . Short bubbles occur at higher Reynolds numbers, and are expected to have only a local effect on the pressure distribution. The formation of a long bubble arises predominantly at low Reynolds numbers, and this tends to influence the pressure distribution along the entire blade surface. The switching of the bubble structure from the short-to-long configuration usually occurs in high lift airfoils when decreasing the Reynolds number, and it is usually referred to as bursting [9, 10] . Such a phenomenon occurs in quite a sudden manner when the Reynolds number goes below a certain critical value. The possibility of predicting the effects of bursting is crucial to analysing the performance of high-lift LPturbine airfoils. In fact, the associated strong increase in losses could suggest the implementation of passive/active flow control concepts in order to obtain acceptable efficiency levels in practical applications.
Today, turbulence closure in industrial computational fluid dynamic codes are mainly based on one-or two-equation models. However, several studies like the ones of Menter et al. [11] , Langtry et al. [12] , Kožulović et al. [13] , and Suzen et al. [14] have shown that they can be inefficient, or barely adequate when dealing with flows affected by separationinduced transition mechanisms. A number of approaches have been proposed to address this problem. The majority of the approaches to modelling separated-flow transition are based on the intermittency concept. Menter et al. [11] have coupled transport models for the intermittency and the transition-onset Reynolds number to obtain a dynamic description of the transition, which makes use of local variables only. More recent methodologies which are based on the concept of the transport of laminar kinetic energy (LKE), are theoretically more general, i.e. they do not rely on global quantities or correlations. They are able to address the rise of pre-transitional fluctuations in boundary layers and their subsequent breakdown to turbulence. Walters and Leylek [15, 16] and Lardeau et al. [17] exploited the LKE concept, originally introduced by Mayle and Schultz [18] , to make a two-equation model sensitive to the onset of natural and bypass transition. Examples of successful applications of the LKE approach to LP turbines have been provided by Lardeau and Leschziner [19] and Pacciani et al. [20, 21] . This article assesses the application of a new LKE model to the calculation of high-lift cascades tested in LP turbine conditions. The wellknown T106 and the T108 cascades are used to assess the ability of the present model to predict transitional low-Reynolds number flows around LP turbine blades. Such high-lift cascades have recently been tested experimentally within the framework of two European research projects (UTAT and TATMo). Low-speed tests were conducted at the University of Cambridge [22] while high-speed measurements were provided by the von Kármán Institute [23] . The results of the numerical investigations are discussed with reference to a broad range of flow conditions, with different Reynolds numbers, expansion ratios, and freestream turbulence intensities. Particular emphasis will be devoted to the discussion of the capabilities of the present approach to predict the occurrence of both short and long bubbles.
COMPUTATIONAL FRAMEWORK
The time-accurate release of the TRAF code [24] was used in this study. The unsteady, three-dimensional, Reynolds averaged Navier-Stokes (RANS) equations are written in conservative form in a curvilinear, body-fitted coordinate system and solved for density, absolute momentum components, and total energy. A dual-time stepping method [25] is used to perform time accurate calculations.
Transition and turbulence modelling
The proposed model, denoted as LKE model hereafter, is based on the laminar kinetic energy concept originally introduced by Mayle and Schultz [18] , which enables to take into account the pretransitional rise of the fluctuating kinetic energy. The modelled transport equation for the LKE is written as [17, 21] 
The quantity ' is the laminar eddy-viscosity, and is modelled as follows
with C 1 ¼ 0.01 deduced from calibration, and f 1 ðTuÞ ¼ max 0:8, 2:0 Á tanh Tu 4:5
Once the laminar kinetic energy is created in the separated shear layer, it must be transferred to the turbulence field to trigger the transition process, as shown by numerical [26] and experimental investigations [27] . The laminar and turbulent kinetic energy equations can be written in a general form as follows
The term R appears in both equations, but with opposite signs, resulting in no net change of the total fluctuating kinetic energy
Rather there is a transfer of energy from k ' to k. Following Walters and Leylek [15] , this term is assumed to be proportional to k '
The damping function f 2 is defined as follows
The constants are
The quantity can be considered as a transition parameter, because it controls the transfer of energy from the laminar to the turbulent state, which occurs when the Reynolds number R y reaches the threshold value C 4 .
The LKE model is then applied in combination with the classical Wilcox low-Reynolds number k À ! model [28] , which is widely used in turbomachinery calculations.
The inlet condition for k ' is as follows: [18] for more details).
THE T106C TURBINE CASCADE
The T106 blade section [29] is a widely used geometry for both experimental and numerical studies on high-lift LP profiles. Detailed experimental data are available for a range of incidence, cascade solidity and Reynolds number. The T106C cascade is obtained by imposing a pitch-to-chord ratio of s/c ¼ 0.95. A 593 Â 97 non-periodic O-type mesh, like in Pacciani et al. [20] , has been selected for the analysis. The y þ values of the mesh nodes closest to the wall were below unity in the turbulent part of the blade boundary layer. Indeed, numerical results were verified to be grid independent. Convergence was assumed when the RMS value of the residuals reached the single precision machine zero. The maximum value of the residuals norm was of the order 1 Â 10 À6 . Such a convergence level required a number of 1000 multigrid cycles to be reached for all the considered Reynolds numbers. A wide range of flow conditions have been considered. They include low-speed (incompressible) operation, high-speed conditions with different cascade expansion ratios, and several inlet turbulence intensity values. The inlet turbulent length scale was deduced in order to guarantee the correct turbulence decay upstream of the cascade, and a non-dimensional value of ' T1 /c x ¼ 2.5 Â 10 À3 was prescribed. The discussion of the numerical results will be split in two subsections. The first will be devoted to the analysis of the cascade in low-speed conditions, as tested experimentally at the University of Cambridge [22] , while in the second the predictions in high-speed conditions will be compared to the measurements carried out at the VKI [23] . For the low-speed data, the maximum uncertainty was reported to be around 1 per cent for the pressure coefficient, and between 0.5 per cent and 2 per cent for the total pressure loss coefficient. For the high-speed data, relative uncertainties on the kinetic energy losses were reported ranging between 10-20 per cent. The absolute flow angle uncertainty varied between 0.2 and 0.3 . Relative uncertainties on isentropic Mach number ranged between 0.4 per cent-1.2 per cent.
Low-speed computations
Several Reynolds number values, ranging from 0.5Â10 5 to 2.1Â10 5 were investigated, together with two different freestream turbulence intensities corresponding to Tu 1 ¼ 0.4 per cent and Tu 1 ¼ 4.0 per cent. The computed pressure coefficient distributions on the blade surface, for six different values of the Reynolds number, are compared to experiments in Fig. 1 (a) to (f). The agreement is very good for all the cases, and only minor discrepancies are recorded for the lowest Reynolds number values (Re 2,is ¼ 0.5 Â 10 5 ). In particular, the effects of the separation are well reproduced by the calculations.
For the lowest level of the freestream turbulence intensity (Tu 1 ¼ 0.4 per cent), and in the range between Re 2,is ¼ 2.1 Â 10 5 and Re 2,is ¼ 1.2 Â 10 5 , gradual modifications occur in the blade-loading distributions when the Reynolds number is decreased. This suggests the presence of a short bubble, undergoing a correspondingly gradual increase in size. On the contrary, the remarkable changes in the blade loading distribution for Re 2,is ¼ 0.9 Â 10 5 , with respect to the cases at higher Reynolds numbers, indicate the formation of a long bubble. A further lowering of the Reynolds number results in an open separation, as no flow reattachment is detected for Re 2,is 4 0.7 Â 10 5 . The appearance of bubble bursting is generally associated with Reynolds number values which are below a certain critical value. Such a value is then expected to occur between Re 2,is ¼ 1.2 Â 10 5 and Re 2,is ¼ 0.9 Â 10 5 at the lowest inlet turbulence intensity. The bursting effect appears to be correctly detected by the proposed model.
The behaviour of the suction-side boundary layer and separated flow region is noticeably different when the inlet turbulence level is increased from Tu 1 ¼ 0.4 per cent to Tu 1 ¼ 4.0 per cent. Generally speaking, a freestream turbulence increase results in a reduction of the extension of the separated flow region [23] . For the cascade under investigations, both experimental and numerical results indicate that the most pronounced impact takes place for the lower Reynolds number values. For Re 2,is values between 0.5 Â 10 5 and 0.9 Â 10 5 , the increase in the freestream turbulence level results in a very strong contraction of the separated flow region. The open separation that exists for Tu 1 ¼ 0.4 per cent becomes a short bubble for Tu 1 ¼ 4.0 per cent. Such a circumstance can be deduced from the pressure coefficient distributions of Fig. 1 that shows the evidence of flow reattachment, for Tu 1 ¼ 4.0 per cent, even for the lowest Reynolds number value (Re 2,is ¼ 0.5 Â 10 5 , Fig. 1(f) ).
At higher Reynolds numbers (Re 2,is 5 1.2 Â 10 5 ), an increase in the freestream turbulence intensity results in a much weaker effect on the separated flow region, with small reductions of its extension and no appreciable change in structure. The small difference that can be detected in terms of pressure coefficient distributions in the separated flow region between the cases at Tu 1 ¼ 0.4 per cent and Tu 1 ¼ 4.0 per cent for Re 2,is ¼ 1.2 Â 10 5 becomes practically negligible for Re 2,is ¼ 2.1 Â 10 5 (Fig. 1(a) to (c)). It is worth noticing how the experimental evidence of the freestream turbulence impact is very well reproduced by the proposed methodology. As far as bubble bursting is concerned, the increase in the freestream turbulence level was also found to be responsible for a decrease of the critical Reynolds number. Such a circumstance can be appreciated in Fig. 1(g) , where the cascade lapse rates are reported for the investigated Tu 1 values. The agreement between computed and measured values is again remarkable. For the case of Tu 1 ¼ 0.4 per cent the cascade losses undergo an abrupt increase in their rates of change in the critical range of the Reynolds number, and this is associated with the occurrence of bubble bursting.
By increasing the Tu 1 value to 4.0 per cent, the total-pressure loss coefficient is reduced in the whole range of analysed Reynolds numbers. Such a reduction becomes larger and larger as the Reynolds number is decreased and it becomes extremely significant for Re 2,is < 1.5 Â 10 5 . A much more favourable lapse rate at high freestream turbulence intensity is expected to be associated with the contraction of the separation bubble, and with the fact that bubble bursting occurs for lower values of the Reynolds number with respect to the considered range.
High-speed computations
Three different expansion ratios, leading to exit isentropic Mach number values of M 2,is ¼ 0.6, M 2,is ¼ 0.65, and M 2,is ¼ 0.7 were considered. The corresponding isentropic Mach number distributions on the blade surface, for four different values of the Reynolds number, are compared to experiments in Fig. 2 .
Measured data have been obtained with a freestream turbulence level of Tu 1 ¼ 0.8 per cent. The agreement is very good for all the cases. In particular, the effects of the separation on the isentropic Mach-number distribution are correctly reproduced by the calculations, and small discrepancies arise only at the lower Reynolds numbers, in the pressure-recovery region of the bubble. Here, the calculations tend to predict a slightly smoother pressure gradient with respect to the experiments (Fig. 2(c) ). For a given Reynolds number, the increase of the exit Mach number results in an enhancement of the separation-related effects. This would suggest that the bubble is growing with the exit Mach number itself, and it is consistent with the increase in the suctionside diffusion rate due to the increase of the expansion ratio. In the range between Re 2,is ¼ 2.5 Â 10 5 and Re 2,is ¼ 1.2 Â 10 5 , the separated flow region appears to have the structure of a short bubble for all the investigated expansion ratios. The situation is quite different at Re 2,is ¼ 1.2 Â 10 5 , as it can be deduced from Fig. 3 , which reports streamlines superposed on turbulent kinetic energy contours in the separated flow region, for the three considered expansion ratios. The cases corresponding to M 2,is ¼ 0.6, M 2,is ¼ 0.65 are still characterized by typical short bubble configurations. On the contrary, the case with the highest expansion ratio shows the occurrence of bubble bursting. The relevant increase in length of the separated flow region, produced by the displacement of the reattachment location towards the trailing edge, moves the flow configuration into the domain of long bubbles. Transition occurs in harmony with the location of maximum bubble thickness, and this increases with the exit Mach number. As a consequence, the maximum turbulent energy production in the breakdown region occurs at increasing distance from the wall and, at the highest expansion ratio, the resulting turbulence field is not effective for producing a rapid reattachment. The substantial modification in the blade-load distribution, observable for Re 2,is 4 1.0 Â 10 5 , relative to the cases at the higher Reynolds numbers, suggests that the separated flow region has become a long bubble for all the considered expansion ratios. Indeed, the flow is not even reattached in the case at the lowest Reynolds number (Re 2,is ¼ 0.8 Â 10 5 ), indicating the presence of an open separation rather than a long bubble.
The critical Reynolds number for bubble bursting is then predicted to occur between Re 2,is ¼ 1.2 Â 10 5 and Re 2,is ¼ 1.0 Â 10 5 for the T106C cascade in high-speed conditions, and it is found to increase when increasing the cascade expansion ratio. The correct prediction of the phenomena associated with bursting can also be assessed from the lapse rates of Fig. 4 . Cascade lapse rates, in terms of the computed exit flow angle and kinetic energy loss coefficient as a function of Re 2,is are compared to the corresponding measured data in Fig. 4 . The difference between the computed and experimental flow angle is below 1.0 , while losses are only mildly underestimated at low Reynolds numbers. The exit flow angle remains almost constant for Reynolds number values which are above the critical one. When Re 2,is is below this value, the exit flow angle rapidly decreases. Both computed and experimental loss coefficients undergo an abrupt increase in their rates of change in the critical range of the Reynolds number. Consistent with the previous observations, such an increase occurs at higher Reynolds numbers for higher expansion ratios.
THE T108 TURBINE CASCADE
The T108 cascade is a high-lift configuration, which was tested experimentally at the von Kármán Institute as part of the TATMo research project. The airfoil geometry and the 593 Â 97, non-periodic O-Type grid used for the calculations are shown in Fig. 5 . The T108 airfoil is front loaded and, with respect to T106C cascade, it shows a much more gradual diffusion from the suction velocity peak to the blade trailing edge. At all the Reynolds numbers, the separation bubbles occurring on the blade suction side were then expected to be smaller than in the previous case. Experiments were conducted for an exit isentropic Mach number value of M 2,is ¼ 0.6, and the tested Reynolds number values range from Re 2,is ¼ 0.7 Â 10 5 to Re 2,is ¼ 2.0 Â 10 5 . The main flow conditions analysed in the calculations are summarized in Table 1 . The experimental uncertainties were the same as for the T106C high-speed cases. Figure 6 compares calculated and measured isentropic Mach number distributions along the blade suction side for three different values of the Reynolds number. They suggest that the suctionside boundary layer appears to be mildly separated at the highest Reynolds number, and that the separated flow region has still the structure of a very small bubble even at the lowest Reynolds number. The separation impact on the suction side isentropic Mach number distribution is seen to increase as the Reynolds number decreases, but it appears to have only a local effect, without overall modifications of the distribution itself. This would suggest that the occurrence of bubble bursting is delayed to even lower Reynolds numbers for this blade. The agreement between computations and experiments is very good. Computed lapse rates are compared to experimental ones in Fig. 7 . Despite some scattering in the measured exit flow angles, which is not detected in the calculations (Fig. 7(b) ), on the average the agreement can be regarded as satisfactory. In particular, both experimental and calculated values show a very gradual decrease when decreasing the Reynolds number in the considered range. Such behaviour is quite different from that of the T106C cascade and it is consistent with the gradual increase in the separation bubble, without bursting phenomena, found for the present cascade. Similar considerations hold for the kinetic energy loss coefficient as a function of the Reynolds number ( Fig. 7(a) ). The gradual loss increase for decreasing Reynolds number shown by the experimental results is very well reproduced by the computations and no abrupt loss raise due to the appearance of a long bubble can here be appreciated. It can also be noticed how the loss level is clearly below that of the T106C cascade, especially at low Reynolds number. As reported by other authors [30] , this is expected to be the result of the different loading distributions of the two high-lift blades. In particular, for the same value of the cascade solidity, a front-loaded design produces a smoother adverse pressure gradient in the diffusing region of the blade suction side, resulting not only in smaller separation bubbles but also displacing the occurrence of bursting below the Reynolds number range of interest in practical applications.
CONCLUSIONS
A new model, based on the laminar kinetic energy concept originally introduced by Mayle and Schultz [18] , is coupled with a linear eddy-viscosity model to predict separated-flow transition in high-lift cascades operating in conditions representative of those in LP turbines. The novel k ' À k À ! model displays very good performance when applied to the T106C and T108 cascades. The assessment covered a range of Reynolds numbers, expansion ratios, and freestream turbulence levels, within which short as well as long separation bubbles are produced on the blade suction side. The effect of bubble bursting, in the cases it occurs, is correctly predicted, together with its effects on blade loading distributions, and lapse rates. The study may be claimed to have demonstrated that the proposed model offers an economical and accurate mean of providing affordable engineering predictions of transitional flows in LP turbines, even if a somewhat weaker performance is shown in the very low Reynolds number regime. This is the range of conditions where unsteady flow structure develops on spatial scales that undergo a questionable modelling in the framework of RANS approaches using simple linear eddy-viscosity closures. Fundamental investigations, carried out with approaches that are able to resolve the physical details, and therefore the effects of such structures (i.e. LES or DNS), could be of great help in suggesting further modelling ideas to support and enhance transition-sensitive turbulence closures.
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